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C""^ \ 1. Introduction. 



Let M be a smooth even-dimensional manifold, dimM — 2n > 2. Let J7 be a 
smooth nondegenerate 2-form on M . If there exists an open cover \JJa '■ a, £ A\ of 
M and smooth positive functions jo. on Ua such that 

(1) ^a = fa^lu^ 

is a symplectic form on Ua for a G A then H. is called a locally conformal sym- 
plectic form. 

Equivalently (see [TT]) fi satisfies the following condition; 

(2) dn^LuAD,, 

^ ■ where a; is a closed 1-form. w is uniquely determined by fi and is called the Lee 

Tij" I form of n. (M, il, cu) is called a locally conformal symplectic manifold. 

OO . If fi satisfies ^ then cj|[/^ = d{\nfa) for all a e A. If fa is constant for all 

a £ A then O is a symplectic form on M. The Lee form of the symplectic form is 
obviously zero. 

'nI I Locally conformal symplectic manifolds are generalized phase spaces of Hamil- 

~: ■ tonian dynamical systems since the form of the Hamiltonian equations is preserved 

f-^ I by homothetic canonical transformations [17j . 

Two locally conformal symplectic forms fii and 1^2 on M are conformally 
equivalent if U2 = f^i for some smooth positive function / on M. A conformal 
S^ . equivalence class of locally conformal symplectic forms on M is a locally confor- 

H I mal symplectic structure on M ((3). 

Let Q be a smooth submanifold of M. Let l : Q ^^ M denote the standard 
inclusion. We say that two locally conformal symplectic forms fii and i^2 on M are 
conformally equivalent on Q if i*r22 = /i*i^i for some smooth positive function 
/ on Q. 

Clearly the Lee form of a locally conformal symplectic form is exact if and only 
if ri is conformally equivalent to a symplectic form [T^ . Then the locally conformal 
symplectic structure is globally conformal symplectic. 

Locally conformal symplectic forms were introduced by Lee [11] . They have been 
intensively studied in [T7]. [8], [9]. p^. [3j. 

In [18j the symmetry of the Lyapunov spectrum in locally conformal Hamiltonian 
systems is studied. It was shown that Gaussian isokinetic dynamics, Nose-Hoovers 
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dynamics and other systems can be treated as locally conformal Hamiltonian sys- 
tems. A kind of reduction was applied to obtain these results. 

In [TU] (see Section 3) a reduction procedure of a locally conformal symplectic 
form is defined using the general definition of reduction (see [H])- But the condi- 
tions for the reduction of locally conformal symplectic form are very restrictive (see 
Proposition 1 in [ICT and Proposition [4] in Section[4l). There are local obstructions, 
a locally conformal symplectic form on a germ of a generic smooth hypersurface 
cannot be reduced using this procedure (see Example [T]). The procedure of the re- 
duction of a locally conformal symplectic form has no application for the reduction 
of systems with symmetry defined in Section 5 of [lOj . 

In this paper we show different approach to this problem. We propose to reduce 
a locally conformal symplectic structure (the conformal equivalence class of a locally 
conformal symplectic form) instead of a locally conformal symplectic form. This 
procedure of reduction can be applied to much wider class of submanifolds. There 
are no local obstructions for this procedure. But there are global obstructions. We 
find a necessary and sufficient condition when this reduction holds in terms of the 
special kind of de Rham cohomology class (tangent to the characteristic foliation) 
of the Lee form. 

2. De Rham cohomology tangent to a foliation. 

Let Q be a smooth manifold and let .7^ be a foliation in Q. We denote by ri^(Q) 
the space of differential p-forms on Q. By ^^^{Q, J-) we denote the space of p-forms 
w satisfying the following condition: 

LLl\q(vi,...,Vp) = 

for any q Cz Q and for any vectors vi, . . . ,Vp tangent to the foliation J^ at q. It 
means that w S flP{Q,J-') if and only if l*lu = for any q € Q, where iq : J-q ^^ Q 
is the standard inclusion of the leaf J-q of the foliation J^ into Q. 

ftP{Q,J-') is a subcomplex of the de Rham complex n*{Q). It follows from the 
relation L*dLO = dL*uj. 

We define the factor space 

n'p{T)^np{Q)/n'p{Q,T). 

The operator dp : VLP^T) -^ n'P+'^{T), dp{uj) = duj is well defined since dnP{Q, T) C 
r2P+^(Q,jr). Therefore one has the following differential complex 

{n*{T),d) : n"{T) ->''« n\T) -^'^^ n^{T) -.'^^ ... 

The cohomology of this complex 

HP{T) = HP{nP{T),d) = kcrdp/imdp_i 

is called de Rham cohomology tangent to foliation T (see [TB] for a similar 
construction) . 

Directly from the definition of the cohomology HP{T) we get the following propo- 
sitions. 

Proposition 1. HP (J-) = for p greater than the dimension of the leaves of the 
foliation T . 

Proposition 2. Let uj G nP{Q) such that duj e nP+^{Q,T). If [lu] ^ in HP{T) 
then [i*qUj] = in HP{!Fq) for any q ^ Q. 
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We define the special kind of contractions along a foliation. 

Definition 1. We say that Q is contractible to a submanifold S along the foliation 
J- if there exist a family of maps Ft : Q ^ Q, t G [0, 1] which is (piece-wise) smooth 
in t, such that Fi is the identity map, Fq{Q) C 5, Fo\s — ids and \/q (^ Q Ft(Tq) C 
Tq for all t € [0, 1]. We call the family Ft a (piece-wise) smooth contraction of Q 
to S along the foliation T . 

Using the analog of the homotopy operator for the above contraction we prove 
the following theorem. 

Theorem 1. Let S be a smooth submanifold of Q transversal to a foliation T. If 
Q is contractible to S along the foliation J- then the cohomology groups H'p{J-) and 
HP{J-nS) are isomorphic. 

Proof Since !F is transversal to S then J-' n S is a, foliation on S. Let Ft be a 
(piece- wise) smooth contraction of Q to 5 along the foliation J-. Let a; be a p-form 
on Q such that du) G i}P^^{Q,T) and i : S ^^ Q he the standard inclusion of S in 
Q. Then 

uj-{F*oi*){cj)^F*uj~F*Lj^ I —F*Lodt= / F*{Cv,iv)dt^ 

Jo dt Jq 

1 .1 

F:{Vt\du; + d{VtM}dt = / [F:{Vt\du;) + d{F:{Vt\u;))]dt 

Jo 

where Vt o Ft — ^^ and Cvt is Lie derivative along the vector field Vt . 

For any q (z Q and any (ui, • • • , Up) tangent to J-q we have 

Ft*{Vt\duj)dt{ui,--- ,up)= / Ft*{Vt\duj){ui,...,Up)dt = 

Jo 

= dLj{VtoFt,Ft,ui,...,Ft,Up)dt= dLj{—^,Ft,ui, . . . ,Ft^Up)dt ^ 0, 
Jo Jo "* 

since Ft{Tq) = Jg and duj e nP+^{Q,J='). It implies that J^ F;{Vt\duj)dt G 

np{Q,T) 

Finally we obtain, 

Lo- {F* oi*){uj) = (3 + da, 

where (3 G nP{Q,T) and a ^ J^ Ft*{Vt\Lu)dt. Thus 

H==[(Fo*.*H]Gi/P(^) 

It implies that Fq o l* = idHp(j^)- 

On the other hand, i* o Fq — idHp(j^ns)i since Fq o l ^ ids- Thus Fq is the 
required isomorphism between cohomology groups HP{T fl S) and H'p{T). D 

3. INTEGRABILITY of CHARACTERISTIC DISTRIBUTION. 

Let Q be a submanifold of a locally conformal symplectic manifold (A'/, 17,^), 
dim M — 2n. Let i : Q ^^ M denote the standard inclusion of Q in M. Let 

{TqQf = {ve TqM\n{v, w) = Vw G TqQ} . 

We assume that dim(TqQ)^^ n TqQ is constant for every q e Q . By (TQ)" n TQ 
we denote a characteristic distribution Uogq(-^'jQ)^ '"' ^iQ which is a subbundle of 
the tangent bundle to Q. Now we prove 
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Proposition 3. The characteristic distribution (TQ)^ D TQ is involutive. 

Proof. Let X, Y be smooth sections of {TQY^ n TQ. We show that [X, Y] is also 
a section of (TQY^ n TQ. By the well-known formula, for a smooth vector field Z 
on Q we have 

dn{X, Y, Z) 

x{n{Y, z)) - r(i7(x, z)) + z(si{x, r))+ 
+f7([x,z],r)-r!([x,y],z)-r!([y,z],x) = 
-r!([x,y],z), 

because X, Y are smooth sections of (TQ)^ D TQ. On the other hand dfl = uj /\fl. 
Therefore 

dfi{x, Y, z) = cj(x)f7(r, z) + w(r)r2(z, x) + w(z)f7(x, r) = o. 

Thus we obtain ri([X, F],Z) — for every smooth vector field Z on Q. On the 
other hand [^, F] is a section of TQ, since X.,Y are sections of TQ. Therefore 
{X, Y\ is a smooth section of {TQ)^ DTQ. D 

4. Reduction of locally conformal symplectic forms. 

By Frobenius' theorem and Proposition [3l [TQ)^ n TQ is integrable and defines 
a foliation T, which is called a characteristic foliation. Let N — QjT be a quotient 
space obtained by identification of all points on a leaf. Assume that TV = Qj F is a 
smooth manifold and the canonical projection n : Q ^f N = Qj T is a submersion. 
If ri is a symplectic form then there exists a symplectic structure t on N such that 

(3) TT*T = L*n, 

where l : Q ^-^ M denotes the standard inclusion of Q in M (see [T3], [I], [2], [7], 
[H], [H], m and many others). 

In |10| the reduction procedure for locally conformal symplectic manifolds that 
satisfies condition ^ is proposed. 

The necessary and sufficient condition for existence of a conformal symplectic 
form on the reduced manifold N = QjT , which satisfies condition ([3]) is presented 
in the following theorem (see also Section 3 in PTl]). 

Proposition 4. Let Q he a submanifold of a locally conformal symplectic structure 
(7\f, il,a;), let L : Q ^^ M denote the standard inclusion of Q in M and let T he 
the characteristic foliation of the characteristic distrihution TQ n TQ of constant 
dimension. If N — QjT is a manifold of dimension greater than 2 and the canonical 
projection tt : Q — > iV = Q/ T is a suhmersion then there exists a locally conformal 
sym,plectic form t on N such that tt*t = L*fl if and only if 

(4) i*Lu{X) = 
for every smooth section X of TQ^^ D TQ. 

Proof. Assume that there exists a locally conformal symplectic form t on iV such 
that TT*T ^ L*n. Then 

TT*dT = L*dn = L*LU A L*n. 

Therefore, for every smooth section X of TQ^ n TQ we have 

x\ {t*uj A t*n) = x\ {■K*dT) = 0, 
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because it^{X) = 0. But i*n ^ and X\i*Q. = , therefore l'uj{X) = 0. 

Now assume that l*uj{X) = for every smooth section X of TQ^^ n TQ. Then 

X\dL*Vl^X\{i'uj hi'VL) =0. 

Hence 

Lxi*^ = x\ {di*n) + d{x\L*n) = 

for every smooth section X of TQ^^ n TQ. Therefore SI is constant on every leaf of 
the characteristic foUation T. Now we define the form r by the formula 

TT*T = i*n. 

T is well-defined, because tt is a submersion. It is nondegenerate, because the kernel 
of t*r2 is TQ^ n TQ — kern^,. From the definition of r we obtain 

(5) 7r*dT ^dL*n^ L*ujAi*n = l*ljAtt*t. 

We define a by the formula 

TT a — i OJ. 

a is well-defined closed 1— form on N, because tt is a submersion and uj is closed. 
From ([5]) we have dr — a At. D 

Notice that a generic hypersurface on M does not satisfy (even locally) assump- 
tion HI). 

Example 1. Let H be a smooth hypersurface on a locally conformal symplectic 
manifold (M, ft, lu). 

By Darboux theorem germs at q of {M, 17, lo) and H are locally diffeomorphic to 
germs at of (M^", / J2"=i '^^i ^ '^2/»i d,f) ""^ ii^^ v) ^ I^^" ■ ^^i = 0}, where f is a 
smooth function-germ on R at and dimM = 2n. 

Then the characteristic distribution T{(a;, y) G M^" : xi = 0}^ is spanned by -^ . 
The reduced manifold can be locally identified with {(x, y) £ M^" : xi = yi = 0}. 

There exists a locally conformal symplectic structure r on the reduced manifold 
satisfying condition (0) if and only if -g^\{xi=o} = 0- 

In the next section we propose a procedure of reduction of locally conformal sym- 
plectic structures and find the sufficient and necessary condition for this reduction 
in terms of a cohomology class of the restriction of lu to the coisotropic submanifold 
in the first cohomology group tangent to its characteristic foliation. 

5. Reduction of locally conformal symplectic structures. 

Let {M, il, oj) be a locally conformal symplectic manifold. Let Q be submanifold 
of M, let i : Q ^^ M denote the standard inclusion of Q in M and let T be 
the characteristic foliation of the characteristic distribution TQ^ n TQ of constant 
dimension smaller than dimQ. 

Proposition 5. Iffl' is a locally conformal symplectic form conformally equivalent 
to ft on Q then the characteristic foliation T' of TQ^^ n TQ coincides with J- . If 
ijj' is the Lee form of V,' then [i*uj] = [t*w'] in H^{J-). 

Proof. Vi and fJ' are conformally equivalent on Q then there exists a positive func- 
tion / on Q such that 

(6) i*n = fi*n'. 
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Thus it is obvious that T = T' , since TQ^' nTQ = kerc*n' = kerL*n = TQ^^nTQ. 
Differentiating ^ we obtain 

t*w A i'Vt = /i*w' A 1*0' + df A 1*0.' 

Using ([6]) again we have 

{i*uj~i*J -d{\nf))hL*il' = Q 

Let w be a vector tangent to a fohation. Then 

v\ {l*uj - L*uj' - (i(ln /)) A i"^ = 0. 

But t*0' ^ and v\i*'^ = 0, therefore 

t*tj(w) - t*tj'(u) - d(ln(/))(w) = 0. 

It imphes that \l*u}\ = [t*cj'] in U^iT). U 

Proposition [5] means that the cohomology class \i*io\ in H^{T) is the invariant 
of the restriction of a focally conformal symplectic structure to Q. In the next 
theorem we use this class to state the necessary and sufficient condition when a 
reduced locally conformal symplectic structure exists on a reduced manifold. 

Theorem 2. Let Q be a submanifold of a locally conformal symplectic manifold 
(Af, r2,w), let L : Q ^-> M denote the standard inclusion of Q in M and let T he 
the characteristic foliation of the characteristic distribution TQ n TQ of constant 
dimension. 

If N = Ql T is a manifold of dimension greater than 2 and the canonical pro- 
jection TT : Q —^ N = Ql T is a submersion then there exists a locally conformal 
symplectic form t on N and a smooth positive function f on Q such that 

(7) TT*T = fi*n 

if and only if [l*uj] = G H^(J^) 

Proof. Assume that there exists a locally conformal symplectic form r on TV and a 
positive smooth function f on Q such that 7r*r — fL*n. Then 

7r*dT = df A L*n + fL*dn = /(d(ln(/)) + l*lu) A l*^. 

Therefore, for any q £ Q and any vector v tangent to J^q we have 

v\ {i*oj + d(ln(/))) A i*0) - i;J {-^) = 0, 

since tt, (w) = 0. But t*51 ^ and v\l*Q, = 0, therefore 

i*ujiv)+di\n{f))iv) = 

for any v tangent to jFg. It implies that [t*(jj] = G H^{J-). 

Now assume that [i*u;] = G H^{J-). Then there exists a function g on Q such 
that i*ijj{v) = dg{v) for any q G Q and any vector v tangent to J-'q. Thus 

v\d{e:xjp{—g)L*rt) — 

exp{— g){—dg{v) + /,*aj(w))t*il — exp{—g){—dg + l*Llj) A v\L*il = 0. 
Hence 

Cx exp{~g)L*n = Xj(i(exp(-g)i*fi) + d{X\ exp{-g)i*n) = 
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for every smooth section X of TQ^^ n TQ. Therefore exp(— g)i*J7 is constant on 
every leaf of the characteristic fohation J-'. Now we define the form t by the formula 

7r*r — exp(— 5)t*51. 

r is well-defined, because tt is a submersion. It is nondegenerate, because the kernel 
of exp(— (7)t*ri is TQ^ n TQ = kern^. From the definition of r we obtain 

(8) Tr*dT = d{exp{— g) i* Q) — {l*uj — dg) A exp(— g)t*i7 — {l,*uj — dg) A tt*t. 

We define a by the formula 

7r*a == L*LU — dg. 

a is well-defined closed 1— form on N, because tt is a submersion and uj is closed. 
From ([5]) we have dr = a At. D 

By Proposition [5] and Theorem [2] it is easy to see that the reduction does not 
depend of the choice of a locally conformal symplectic form from the conformal 
equivalence class. Two locally conformal symplectic forms conformally equivalent 
on Q are reduced to the same locally conformal symplectic structure on a reduced 
space. Thus Theorem [2] gives a procedure of reduction of locally conformal sym- 
plectic structures. 

Now we show how this procedure of reduction works. Any germ of a coisotropic 
submanifold can be reduced using the above procedure, since a locally conformal 
symplectic manifold is locally equivalent to a symplectic manifold. The obstruction 
to existence of the locally conformal structure on the reduced manifold is only 
global. 

Corollary 1. Let Q be the germ at q of a coisotropic submanifold of a locally 
conformal symplectic manifold (M, f2,a;), let l : Q ^^ M denote the germ of the 
inclusion of Q in M and let T he the characteristic foliation of TQ fl TQ — TQ^^ . 
Then there exists a germ locally conformal symplectic form t on the germ of the 
reduced manifold N = Qj T and a germ of a smooth positive function f on Q such 
that TT*T — fi*Q where n : Q ^ N = Qj T is the germ of the canonical projection. 
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